Sum of 2 Dice | Probability

2 1/36

8 2/36

4 3/36

5 4/36

6 5/36

7 6/36

8 5/36

9 4/36

10 3/36

11 2/36

12 1/36

Total Probability 1
is:

percentage

Probability Distribution for Sum of Two Dice
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Sum of Dice
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Cumulative Probability Distribution for Sum of Two Dice

Properties of a probability function:

0<P(X=x)<1

The probability of any value of a random variable

The probabilities of all values of a random variable

is in the range (0,1) inclusive

in the sample space sum to 1.
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Sum of Dice

most likely (or "expected") value

Features of Probability Functions:

Measure of Central Location:

E(%X) =Y xeP(x)

all x

The expected value of a random variable is the
weighted sum of all its possible values, with the
weights being the probability of each value.




Sum of 2 Dice | Probability | Products

1/36 | 2 x 0.0278

2/36 | 3 x 0.056

3/36 | 4 x 0.083

4/36 |5x0.111
5/36 | 6 x 0.139

6/36 | 7 x 0.167

5/36 | 8 x 0.139

©| 0| N| ol Ol A W[ N

4/36 |9x0.111

=
o

3/36 | 10 x 0.083
2/36 | 11 x 0.056

[
[

12 1/36 | 12 x 0.0278

Total 1
Probability is: /4

Expected Value = > P(%)ex, = 7.0

all x

Measure of the Spread of the Distribution:

~ ~ 2 2
V(X)=0?= E[(X —,u) ] = Z(X—,u) o P(x)
all x
The variance of a random variable is the expected value of
the weighted sum of the squared deviations from the mean
of the probability distribution, with the weights being the
probability of each value.

Tschebysheff's Theorem: Given any probability
distribution with mean 1 and standard deviation
the probability of obtaining a value within k stan-
dard deviations of the mean is at least 1-1/k*

ie., Pr{‘i—y‘ < ka} Zl—kiZ.

Note that Tschebysheff's theorem also implies that
the probability that we get a value more than k
standard deviations away from the mean is 1/k’.

Proof:

1. We know that from our definition of the variance of a p.d.

V@)zaz=Eki—uf]=g¥x—yfoP&)

2. We can split our probability distribution into 3 parts
corresponding to the areas (a) outside the k gregion
and (b) inside the ko region

region 1 region 2 region 3

u—ko u+ko

3. Then we can decompose the variance as follows:

ot = D (x=p) e P+ X (x=u) P+ X (x=s) ¢ P(x)

region 1 region 2 region 3

4. Since all three of these terms are greater than zero,
we can drop the second term, leaving us with:

2 2
o> Y(x-u) e P(x)+ D (x—p) ¢ P(x)
region 1 region 3
5. Now, since the absolute value of the deviation of x

from the mean,u is at least ko for all terms, we can
write:

o’ > ZkZGZOP(X)+ ZkZGZOP(X)

region 1 region 3

or, dividing through by k252

A%ZZMQ+ZH@

region 1 region 3 \

probability that x > u + ko
probability that x < u—ko

Therefore, the probability that a random variable
is greater than k standard deviations away from
the mean of its probability distribution is less
than or equal to 1/k’.




More Rules of Expectations
E[k] =k where k is a constant

V[k] = 0 the variance of a constant is zero (duh!)
E[kX] =k e E[X]
V[kX]=k*eV[X]
E[x+¥]=E[X]+E[Y]
E[X x ¥]= E[X]x E[¥] if x & y are independent.

V[)?J_r 37] =V[X] +V[37] if x & y are independent.

always positive

The Expectation of a linear transformation of a random variable.
The linear transformation is:

y=at+tbeX
This implies that the expectation of the linear transformation of x is:
E[¥] = Ela] +be[E(X)]=a +bE[X]

A particularly useful linear transformation:
Take any random variable x with mean ¢ and standard deviation o.
Form the new random variable:

,_(%-4)

o

or, rearranging, we have,
-~ 1_ u
I=—X-—

(o) (o)

Now, let's find the expectation and variance of our new
random variable z:

1
E[z]=—E[x]-£.

O O

1

(2 (2

The expectation of our new random variable z is zero!

The variance of our transformed random variable is:

v[z]zv[ii—“}

(e}

1_ H
=V| =X |+V| = | (Expectations Rule)
o o

V[X]+0 (Expectations Rule)

So, our new random variable has a variance of 1.

Notice that this standardized random variable, z, has a mean
=0 and a variance/standard deviation = 1 irrespective of the
type of distribution from which the random variable comes.

[sss [sst [sfs [sff \
[fss st L ffs Lttt |

Outcome Probability

sss (0.8)(0.8)(0.8) = 0.512

ssf (0.8)(0.8)(0.2) = 0.128

sfs (0.8) (0.2) (0.8) =0.128

Sff (0.8)(0.2)(0.2) = 0.032

fss (0.2)(0.8)(0.8) = 0.128

fsf (0.2)(0.8)(0.2) = 0.032

ffs (0.2)(0.2)(0.8) = 0.032

ff (0.2)(0.2)(0.2) = 0.008

First Second Third
Person Person Person

s sss (08)(0.8)(0.8) = 0512

Séo ;
/ 02— ¢ st (0.8)(0.8)(0.2) = 0.128

0.8
s_—
<

02 \L s sfs (0.8)(0.2)(0.8) = 0.128

0.8
08 40 2= sff (0.8)(0.2)(0.2) = 0.032
< s fss (0.8)(02)(0.2) = 0.128

0.2 . 0w ©08)(02(02)
\ /O 2= fsf (0.2)(08)(0.2) = 0.032
0.8
<
f 02 ffs (0.2)(02)(0.8) = 0.082
\i el : :

Sy

—— fff(0.2)(0.2)(0.2) = 0.008




Number alive (x) | Probability P(X = x)

0.008
0.096
0.384
0.512

WIN |~ |O

Probability histogram for the random
variable X the number of people out of
three that are alive at age 65

P(X=x)

0.55
0.50
0.45
0.40 (-
0.35
0.30

Probability

o 1 2 3

Number alive

[sss [ ssf [ sfs [ sff \
[fss | fst | ffs [ fif |

Two alive One dead

(0.8 ¢ (0.2)' =0.64x0.2=0.128

Probability one alive Probability one dead

Number of trials

! 31
(:)= 2!(3—2)!:3

Number alive

P(X=2)=(})+(08)° ¢(0.2)" = 340128 =0.384

Let X denote the total number of successes in n Bernoulli trials with success probability p. Then the
probability distribution of the random variable Xis given by

P(X =x) = (Q)px(l— p)H.

The random variable X is called a binomial random variable and is said to have the binomial
distribution with parameters n and p.

To Find a Binomial Probability Formula for a Particular Problem:

Assumptions
1. n identical trials are to be performed.
2. Two outcomes, success or failure, are possible for each trial.
3. The trials are independent.
4. The success probability, p, remains the same from trial to trial.
Step 1 Identify a success.
Step 2 Determine p, the success probability.
Step 3 Determine n, the number of trials.
Step 4 The binomial probability formula for the number of successes, X, is

P(X =x) = (Q)px(l— p)H.

Given that the probability of a 20-year old's surviving until age 65 is 0.8:
a) What is the probability that exactly 2 of 3 randomly selected people will be alive?

P(x =2)=()08)*(02)°* = ﬁ(os)z(o.z)l =0.384

Given that the probability of a 20-year old's surviving until age 65 is 0.8:
b) What is the probability that at most 1 of 3 randomly selected people will be alive?

P(X <1) = P(X =0)+ P(X =1)
=(3)08)°(02)°+(:)08)' (02"
=0.008+0.096=0.104

Given that the probability of a 20-year old's surviving until age 65 is 0.8:
c) What is the probability that at least 1 of 3 randomly selected people will be alive?

P(X>1)=P(X=1)+P(X=2)+P(X =3)
But note that, because of the complementation rule:
P(X>1)=1-P(X<1)=1-P(X =0)

Therefore, we can solve the easier, related problem:

=1-(3)(08)°(0.2)*° =1-0.008 = 0.992

P(% =3) = (2)(08)°(02)*° =(1)(08)*(0.2)° = 0512

Number alive (x) | Probability P(X = x)

0.008
0.096
0.384
0.512

W N |~ O

gomt
3

o 1 2 3

Number alive




P(X=x) P(X=x)
Probability histograms for binomial
distributions with ers n = 6 and 0.35 0.35
a)p =025, (b) p=0.5, and (¢c) p = 0.75 0.30 0.30
2 025 2 025
35 020 3 020
5 015 5 015
S S
£ 0.10 £ o010
0.05 0.05
0.00 X 0.00
0123456 0123456
Number of successes Number of successes
(a) p=0.25 (b) p=0.5

Probability

P(X=x)
035
030
0.25
0.20
015
0.10
0.05
0.00
0123456
Number of successes
© p=075

X

Measure of Central Location:

E(%X) =) xeP(x)
all x
The expected value of a random variable is the

weighted sum of all its possible values, with the
weights being the probability of each value.

Measure of the Spread of the Distribution:

~ ~ 2 2
V(X)=0’= E[(x — ) ]: D (x=u) o P(x)
all x
The variance of a random variable is the expected value of
the weighted sum of the squared deviations from the mean
of the probability distribution, with the weights being the
probability of each value.

The expected value (mean) of a binomial distribution

E(X) :ZXO P(x)

all x

The probability that a binomial rv equals a given value is:

P(x=x=(1)p*(1-p)"".

Substitute this probability into the expected value formula:

E(X) :;Xo(:)px(l— p)

Let's simplify this for a small number of trials, say n=3

E(X) = xo(?)p*(1-p)™"

all x

This gives us:

E(X)=00(3)p°(L-p)"" +10(3)pi(1-p) " +20(3)p2(1-p) * +30(3)p(-p)”

Simplifying, we have:
E(X)=0+1e3p(1- p)’ +2e3p*(1— p) +3e1p*(1-p)’
=0+3(p-2p*+p*)+6(p? - p°)+3p°
= 3p, or,more generally,
E(X)=np

The mean of a binomial random variable equals the
probability of a success times the number of trials.

The variance and standard deviation of a binomial distribution:
o? =np(1- p) variance of a binomial distribution

0.5
o= np(l— p) = (np(l— p)) standard deviation of a binomial distribution

N = number of elements in a population

r = number of elements possessing a specific characteristic

(Call that characteristic a "success")

n = number of elements in the sample

Then, the probability of finding X successes in a sample of size n

when sampling without replacement is:

cer ()GS)

p(x)=—2Tm=x = 222 Hypergeometric Probability Distribution

c; (")

Mean: u=n| — | Variance: o2 = n(Lj(M
N N

N

!

N—nj
N-1

Standard deviation: o =+/o2

Problem using the hypergeometric distribution: Suppose that Airport & Intown Taxi
Company (Chapel Hill's finest) has ten cabs, three of which have defective radios.
The company's dispatcher, unaware that any of the radios is defective, chooses
four of the company's cabs at random and assigns the company's four drivers to
them.
(a) What is the probability that none of these four cabs has a defective radio?

N=10,r=3,n=4,x=0

37!
o= _G)E) ot 31 _1_ g 56667

N 10 10!
(R R
(b) What is the probability that one of these four cabs has a defective radio?

s )00 2 i1

G F oo
61al

(c) What is the probability that 2 of these four cabs have a defective radio?
3t 7!
o= W) _GG) 12 2513 o

B C) I 63 I T
6141




(d) What is the expected value of the number of cabs chosen by the dispatcher

that have defective radios? Sampling and the Binomial Distribution
Mean: y = n(L] = 4(3] :9:1.2 cabs
N 10) 5

Suppose that a simple random sample of size n is
taken from a finite population in which the proportion of
members that have a specified attribute is p. Then the
o =o? :JH(L)(M)( N —n) :\/4(3j[1j(§] —J056-0.75 number of members sampled that have the specified

NJUN JAN-1 10)A10 A9 attribute has exactly a binomial distribution with
parameters n and p if the sampling is done with
replacement and approximately a binomial distribution
with parameters n and p if the sampling is done without
replacement and the sample size does not exceed 5%
of the population size.

(e) What is the standard deviation of the number of cabs chosen by the
dispatcher that have defective radios?

Assumptions necessary to apply the

Poisson Distribution The Poisson Distribution

A ti Bank E |
| Assumption | Bank Example | et (at)' forx=012,.2, 2>0,

1.We know the average number of | 1. Say the time segment of interest P(X) I

events (lambda) occuring in a given | is one hour.. - x!
Hime segment. 0, otherwise.

2. Probability of an occurrence 2. The hour is one in which there is

remains constant throughout the a steady flow of customers

time segment where

3. Divide the time segment into 3.Impossible for two people to enter _ : : : _
small subsegments (length t) where | the bank simultaneously (i.e., in the A = the mean number of events in a given segment of time (t =1)
the probability of two or more same second (1/3,600th of an hour) t = the length of a particular subsegment (t <1)
occurances in a subsegment is (t=1/3,600 = 0.000278 hour) e :

il il im e Tl E[X]= u, = At = the expected number of events in one subsegment length t
4. Independence of occurrences 4. Arrivals at the bank are not

between any two non-overlapping influenced by the length of the lines.

segments

Suppose a bank knows that it averages 60 customers per hour over lunch hour:
Using the Poisson Distribution to find the probability of an event:

If the customers are evenly distributed during the hour, the expected number of ¢ Define the length of the segment unit (t=1)
customers every 5 minutes is:
Aot =6000.0833=5 ¢ Determine the length of the sub-segment of interest (t=?)

What is the probability that a bank will have 3 or more customers in a 5 -minute . . o
period? e Determine the mean of the random variable x E[x]=p, =4t
P(x23)=1-[P(x=0)+P(x=1)+P(x=2)] ] ] ]

e Define the event of interest, x, and use the Poisson formula or

:1{97“((’*)°)+e’“((*t)l)f’“((mz)} the Poisson tables to find the probability
o! ] 21
:1{9’5(5°)+9’5(51)+9’5(52)} Finally, the mean and variance of the Poisson are the same:
o! ] 21
E[X]=p, = At

P(x23)= 1{0.00674-(1) , 0.00674+(5) 0.00674-(25)} 08753 My

1 1 2 2

o, =Ast

More easily, you could look in Appendix C of the text to find the probability given:

X< 2and A«t =6040.0833=5




Standard Normal Distribution

04T T T T T 4 Mean,Std. dev.

Normal Distribution

Normal curve
(n.0)

y—So—T H—OC U p+o T u+3o
u-20 U+20

08 F T ’ T T T 3 Mean,Std. dev.
[ 1 — 3,05
06l 1 —-201
> T 192
P L i
2 04t " N
(<3} [ [ i
021 [\ B
L / )
[ / \ i
(—— : : : ‘ .
-7 -2 3 8 13 18 23
X
Frequency and relative-frequency
distributions for heights
0.20 [
Height | Freq. | Rel.
(inches) i freq.
56 < 57 3 | 0.0009 N|
57 <58 6 | 0.0018 that
58 « 59 26 | 0.0080
59 < 60 74 | 0.0227 g
60 < 61 147 | 0.0450 g ( N“é;‘:’ “"V;M
61 <62 | 247 | 00757 S ey
62 < 63 382 | 01170 & o
63 < 64 483 | 0.1480 ¢
64 < 65 559 | 0.1713 5
65 < 66 514 | 0.1575 &
66 < 67 359 | 01100
67 < 68 240 | 0.0735 0.05
68 < 69 122 | 0.0374
69 <70 65 | 0.0199 & |
70 < 71 24 | 0.0074 | |
71<72 7 | 0.0021 | A |
72<73 5 | 0.0015 0.00 “—/— 11 1 | |
73 <74 1 0.0003 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74
3264 | 1.0000 S

Major Fact about normally distributed variables and
normal-curve areas:

For a normally distributed variable, the percentage of all
possible observations that lie within any specified range equals the
corresponding area under its associated normal curve, expressed
as a percentage. This result holds approximately for a variable
that is approximately normally distributed.

To Summarize:

* Once we know the mean and the standard deviation of a
normally distributed variable, we know its distribution and
associated normal curve.

e Percentages for a normally distributed variable are equal to areas
under its associated normal curve.

* The mean and standard deviation of a normal distribution are its
sufficient statistics; they completely define the variable's
distribution.

Given a random variable, X, with a normal distribution, the "standardized
random variable, Z, will have a normal distribution with mean zero and
standard deviation = 1.

Standard Normal Distribution

04 T T T T 4 Mean,Std. dev.

03 q

02 q

density

01p B

Z score




Normal Distribution

08F
06
2
2 o4
(<)
©
02}
0

3 Mean,Std. dev.
— 3,05
—-201
—92

Standard

3 8
3

12

Distribution

x-9
=7

density
R

Z score

13 18 23
X—

Mensd dev
o1

03

o1

0
5 3 1 1 3 5

Equal areas.

e .
Normal curve - Standard
(u, o) ¥ X-p normal curve
\ b z= =—F o
== [N =
a-pg 0 b-p
I -

Basic Properties of the Standard Normal Curve

® Property 1: The total area under the standard normal curve is 1.

® Property 2: The standard normal curve extends indefinitely in both
directions, approaching, but never touching, the horizontal axis as it
does so.

® Property 3: The standard normal curve is symmetric about O; that is, the
part of the curve to the left of the dashed line in Fig. 6.8 is the mirror
image of the part of the curve to the right of it.

® Property 4: Almost all the area under the standard normal curve lies
between -3 and 3.

histogram gestatio, bin(22) percent <

title("Distribution of Gestation

Distribution of Gestation Lengths.

Nornal Cure Areas

: om M m m s s % 9 w0

00 000 000 0080
0 0% 008 041
0 0 w0
03 s
04 sS4 19016
051915 1950 198

09

LR ]

L6 3665 368 3
10389 3
JER R
14am a4
15 a0 a5 4

ug 5 415
s 45T 4608
469 4656 AT 4686
g ams AT
AT AT 450
8% 4530 2 4846
a6 568 4551
49 4598 909
a0 A o3
E 45

%5 46 45T 99 460 456
6 A6T A 99 0 4T
AT A6 AT M AT A
BB s A S
KT AT AR A A9 A
Surce: Tis table is shided from Tale 1 of Satstical Tables and Formls, by A. Hold
(New Yorc Jobn Wiey & Sos, o, 1952, Repodaced by permisin of A. Hld and the
pubsers,Jhn Wiy & Sons, I

"
Lengths") ylabel(0 4 to 16) b /\
xlabel(216 228 to 324) norm /
A
& /
y \
9 £ \
yz
A \\\
B —
26 228 240 252 264 276 288 00 312 324
Days of Gestation
summarize gestatio, detail
Days of Gestation
Percentiles Smallest
1% 228 216
5% 238 217
10% 245 219 Obs 1000
25% 255 221 Sum of Wgt. 1000
50% 266 Mean 265.8
Largest Std. Dev. 16.03487
75% 277 306
90% 286 306 variance 257.1171
95% 291.5 306 Skewness -.0854922
99% 301.5 326 Kurtosis 2.989899
Normet
Cune Areas
Ao : S e ||| [ || |

Area = 0.9656 - 0.2483

Aea=? . Area=0.8907 / Area=10.7764 =o0mm
\ 0223
Area=?
‘/Area:?
5 -3-2-10123 5 5 -3-2-10T123 5 5 3 2 OITK 5
2:1.23 22076 2=068 2=1.82

Finding the z-score for a specified area:

The Z,, notation:
The symbol z, is used to denote the z-score
having an area of ¢z (alpha) to its right

Area= 0.04 under the standard normal curve.

=2

2=-175




gnorm gestatio, title("'ls gestation normally distributed?")

Is gestation normally distributed?

Days of Gestation
260 280 300 320
L L L L

240
L

220
L
o

g

T T T T T
220 240 260 28 300 320
Inverse Normal

Binomial Coefficient for 30 Successes in 50 Trials

() 50! 3041x10% 3041x 10%

= = = - 13
30/ 30120! - (2653 x 1032)(2433 x 1018) - 6.455 x 1050 =4.713%x10

Do this 51 times to generate the true binomial distribution!

Binomial Distributions for
varying probabilities of success
and sample size.

Note that when p is far from 0.5,
the binomial distribution is
skewed. However, as sample
size (i.e., number of trials) rises
even these skewed distributions
become more symmetrical and
normal.

Sample Size Rises

00 x o
\ 02468101214161820 02
n=20,p=03) (n=20,p=08)

(@p=03 ©p=08

Here's the binomial histogram and a
superimposed

4 P(X=x)
ez o X vilh 630 normal curve with mean 5 and sd= 1.58:

Assume that a student 02 Normal curve ﬁ] fo=reie

> - 020 (o es1se [ Area under normal curve
taking a true-false statistics a5 between 6.5 and 8.5
exam guesses at all 10 0.10 |
questions with a 50% 5 [
chance of being correct on 0.00 Ly
each question. What is the x
binomial distribution? 65 85

Probability distribution of the number of
carrect answers out of 10 by the student

Number correct | Probability Because the normal curve only approximates the binomial histogram, we
ld | PX=% must correct for the continuity of the normal distribution. We do this by
2 3‘33;; subtracting one-half unit from the low side of the range we're interested
2 0.0439 in (6.5 instead of 7.0) and adding one-half unit on the high side (8.5
3 0.1172 instead of 8.0)
4 02051
5 02461 .
6 02051 The area under the normal curve from 6.5 to 8.5 approximates the area
7 01172 contained in the histogram between 7 and 8.
8 00439
9 0.0098 - X i
10 0.0010 NB: Be sure to make the continuity correction before converting to standard

normal scores.

u=np=5
o =/np(L- p) =158

Procedure for using Normal Aproximiation to the
Binomial Distribution:

Step 1: Determine, n,the number of trials, and p, the success probability.

Step 2: Determine whether both np and n(1-p) are 5 or greater. If they
are not, do not use the normal approximation. (Rule of Thumb)

Step 3: Find #and O, using the formulas #=np and 0 = np(l— p)

Step 4: Make the correction for continuity and find the required
area under the normal curve with parameters # and O .

Mean and Variance of Continuous
Probability Functions

The Mean of Random Variable x is: E[X]=pn, = J.ao xf (x)dx

The Expectation of the function of x, g(x) is: E[g(i)] . f g(x) f(x)dx

E[x*]=]" x*f(x)dx

The Expectation of X’ is:
The Variance of x is: V[X]= E[(i - yx)z] = E[x?] ~(E[x])

You should verify that the formulas for mean and variance of a continuous
distribution are the same as those given earlier for discrete distributions
except that integral signs are substituted for summation signs and

f(x)dx is substituted for P(x).




Uniform Distribution
1

The Uniform Distribution

Distribution of Steel Thicknesses

(b-a) 1
— <x<
f0={b_a 2P
> 0, otherwise
4 X
3 with
1 (b-a)
=>(b+a)and o =
, H=5 ) 7=
a b
1 X Lower limit,Upper limit
Area: (bia){(b—a)}zl —ab
Uniform Distribution
Deriving the mean of the uniform distribution: 05
1= [ (), :j:x(é)dx, :éj}(dx, 04
_1 _ 11 _1lb-a)bra) > o3
~5LFb-F@) - bia[z(bzfaz)} 3 b-a B
1 s 02
ar (b+a)
0.1
Can you derive the variance of the
uniform distribution from the formula for 0
the variance of a continuous 2 25 3 35 4
distribution? 1 X Lower limit,Upper limit
Area: (472){ﬂ}:1 24
—AX
A7, A>0,x=0

The Exponential Distribution:

1

with: p=—ando =~

Right-tailed pro

f(x)=

0, otherwise

babiliies: P(x>a)=e*,a>0and 1 >0

Exponential Distribution showing different means

2r
16F Mean
: — 5
2 12 r —2
5 [ —1
S o8 0.5
" 7\¥
oL ‘ i
0 5 10

X (survival time)

0.02 +
[ Thickness
0.016 — 150,200
0.012}
0.008 F
0.004 -
0t ‘ : ‘
‘ 150 1GTO 170 } 180 1?0 200‘
u-20  p-oc Hy u+o  p+20
Thickness
P(X <160 = ([160—150] x 0.02) = 10x 0.02 = 0.2
Exponential distribution showing
o5, number of days until next car sold
04
E — efx,a — 670.5x5 — 872.5 =0.0821 Mean
> 03[ 2
= : A=05
= L
S 02F
0.1}
0 :, ) ) “% . )
2 a toe 8 0 12
5

duration (days)




