The Course So Far:

Descriptive Probability Probability
Statistics Theory Distributions
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mSimple random sampling: A sampling procedure
for which each possible sample of a given size is
equally likely to be the one obtained.

ESimple random sample: A sample obtained by
simple random sampling.
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22 166 310 454 598
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Systematic Random Sampling

Step 1 Divide the population size by the sample size and round the
result down to the nearest whole number, m.

Step 2 Use a random-number table (or a similar device) to obtain a
number, k, between 1 and m.

Step 3 Select for the sample those members of the population that
are numbered k, k + m, k + 2m,....
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Cluster Sampling
Step 1 Divide the population into, groups (clusters).
Step 2 Obtain a simple random sample of the clusters.

Step 3 Use all the members of the clusters obtained in Step 2
as the sample.

Stratified Random Sampling with Proportional Allocation
Step 1 Divide the population into subpopulations (strata).

Step 2 From each stratum, obtain a simple random sample of size
proportional to the size of the stratum; that is, the sample size for a
stratum equals the total sample size times the stratum size divided
by the population size.

Step 3 Use all the members obtained in Step 2, as the sample.

Definition: Sampling Error

Sampling Error is the error resulting from using a
sample to estimate a population characteristic

Definition: Sampling Distribution of the Sample Mean

For a variable x and a given sample size, the distribution of the x
variable -- that is, the distribution of all possible sample means --
is called the sampling distribution of the sample mean.

In statistics, the following terms and phrases are synonymous.

» Sampling distribution of the sample mean

« Distribution of the variable X

« Distribution of all possible sample means of a given sample size




[Player

[Height

[ 76 [ 78 | 79 | 8 | 8 |

DX 76+78+79+81+86

M= N 5 = 80 inches.
Sample | Heights x
A B 76,78 77.0
Au@ 76,79 77.5 Basketball Team, Sample Size =2
A D 76, 81 78.5
AE 76, 86 81.0
B C 78,79 78.5 .
B, D 78, 81 79.5 "t " "t - - "
B, E 78, 86 82.0
c D 79, 81 800 7 » po E W
(@] 79, 86 82.5 u
D,E 81, 86 83.5 Sample size = 2
2
— all x in sample . .
X="m where k is the sample size.
Efl=p = [F@)dr= Y3P%)

all values of X

all values of X \

Continuous Distribution Discrete Distribution

: : Or, for our 5-man basketball team

Sample | Heights o . .

o 678 | 70 sampling two at a time:

A,C 76,79 | 775 0

A,D 76,81 | 785 10

AE 76,86 | 81.0 10 J.)?d)? X

B ¢ 78,79 | 785 E[x] J~ ( 1 ) 1 L% %

B, D 78,81 | 795 x| = =——==—=

B, E 78,86 | 82.0 10 10 10

@D 79,81 | 80.0

CE 79,86 | 825

D,E 81,86 | 835  _T7+7154785+8147854795+795482 48048254835
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Sample Size = 4

Sample Heights % Basketball Team, Sample Size = 4
A Be D | 76,78 79 81 | 7860 ~ " T o0 0 8l sz 8 8 8
ABCE | 76,7879,86 | 79.75
A B D E | 76,78,81586 | 8025
ANC DE | 76,79 81, 86 | 8050 u
BC b E | 78 79 81, 86 | 8100 Sample Size = 4
Sample Size =2 . o . o o . . o .
Sample Size =4 - = mmom
Sample Size = 1
Sample Size =5 ) ) ) °

77 78 79 80 81 82 83 84 85

or, more generally:

since

X
all x in sample

X = where k is the sample size.

using the algebra of expectations for sample size = k:

x :1—E x zl—zk:E[x] I—Oky:
! k = k ! k

1

E[X]=u,= E[k—i

E [x_]: " a
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The General Rule for the mean (expected value) of x:

For samples of size k, the mean (expected value) of
the variable X equals the mean of the variable under

consideration:
Mz = H.

In other words, for each sample size, the mean of all
possible sample means equals the population mean.

The Variance of the Sample Mean:

Let x,%,,...

X, be independent random variables, each having the same

known variance V|x|=o7}

then,

1
vix]= V[;(x1 Xy -+x,f)} by definition

) V[x1 +x,+ +xk] (expectation rule)

{V xl + V[x2]+ +V[xk]} (another expectation rule)
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The Standard Deviation of the Sample Mean

The Standard Deviation of X

For samples of size k, the standard deviation of the variable X
equals the standard deviation of the variable under consideration
divided by the square root of the sample size:

O-x
Oo- = .
X
Vk
In other words, for each sample size, the standard deviation of all
possible sample means equals the population standard deviation

divided by the square root of the sample size, assuming that we
know the population standard deviation.




SAMPLE SIZE AND SAMPLING ERROR (REVISITED)

The possible sample means cluster more closely around the
population mean as the sample size increases, and therefore the
larger the sample size, the smaller the sampling error tends to be in
estimating a population mean by a sample mean. Here is why that key
fact is true.

* The larger the sample size, the smaller is the standard deviation of X

» The smaller the standard deviation of X the more closely the
possible values of x (the possible sample means) cluster around the
mean of X.

+ The mean of X equals the population mean.

Because the standard deviation of xdetermines the amount of
sampling error to be expected when a population mean is estimated
by a sample mean, it is often referred to as the standard error of the
sample mean. In general, the standard deviation of a statistic used to
estimate a parameter is called the standard error (SE) of the statistic.

The Distribution of ¥ (normal population) = V| [ M, o;j.
n
That is, the sampling distribution of sample means

drawn from a normally distributed population is
itself normal.

The Central Limit Theorem:

If random samples of n observations are drawn from an arbitary
population with finite mean 4 and standard deviation &, then
when n is large, the sampling distribution of the sample mean

is approximately normally distributed with mean and standard
deviation

M.o=pu and o, =

X

s

The approximation will become more and more accurate as n becomes
larger and larger.

Film Revenue Data for Central Limit Theorem Exercise

Distribution of Film Revenue
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Film Revenue in Millions of Dollars

Sample Size =5 Sample Size = 15
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Sampling Distributions for Sample Mean: n=5, 15, 25, 50

-——n=50

50 80 110

Sample Means of Film Revenue

Recap: The Difference between a Sampling
Distribution and a Probability Distribution:

E A probability distribution of a random variable gives, for each
value of the random variable, the probability that a given value of the
random variable will be obtained.

B The sampling distribution of a sample statistic shows, for a
sample statistic computed from a given sample size, the probability
distribution of all possible values of the sample statistic that can be
computed from samples of that size.

W So, for a variable x and a given sample size n, the distribution of the
variable ¥, that is, the distribution of all possible sample means -- is
called the sampling distribution of the sample mean.




Finite Population Correction Factor for the Standard Error of the Mean

Finite Population Multiplier: /(N —n)/(N —1)

Variance of x: o =—

o
Standard error of the mean: o, = T
n

The Sample Variance & Standard Deviation

Proof that the Sample Variance is an Unbiased Estimator of the Population Variance

Earlyinthe course | laimed that the "best” estimator of the population variance, sigma-squared s s-squared
defined as:

w1

S
v hough twoud e thtabter tmator voukd be: -

So,let x,,x,..., 7, be a andom sample with E ()= and V()= 0 Showthat s a biased estmaor

foroand g? is an unbiased esimator for 0

First

;n‘—nE;(,‘f%L’;\‘J 7;8—”?
Then, we can writ the expected vale of his sum of squared diferences as:
El;ll,f?):J:E{;; E*uE{? ,iflnl)—rvf(vl)

)
Notios hat (- the same fo =1, 2. . We use tis an the fact hat hevariance of  andom variaie

isgven by ¥(x)= E(x*

E(x7) =V (x)+[ £(x)

and that

E(x) ' to conciude that
o4 u E(F) =V (%) +[E(F) [ =0 int 42

Itfollows that
a_1.[¢ 1 2 _(n-1) .
E(s*)==E| Y (x -X) |=~(n-1)o* =| == |o*
(eS| fone (272)
and that s'is biased because E(s?) o However,

E(ﬁLLE[Z"‘;(,\,7?'1}7ﬁ(nfl)oﬁ -

n-1

s0we see that 57 is an unbiased estimator for o

Comparing the t- and normal distributions

Standardized
0.4 tdistribution g normal distribution
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z- and t-values

ar ©100 [1050 |[t025 [t010_[t005 |ddf.

1] 3.078| 6314 12.706 [(31.821) 63.657 1

2| 1.886| 2920 4.303| 6965 | 9.925 2

3| 1.638| 2.353| 3.182| 4541 5.841 3

4| 1.533] 2132 2776 [(3.747) 4.604 4

5| 1.476| 2015| 2571 3.365| 4.032 5

6| 1440 1.943| 2447| 3.143] 3.707 6

7| 1.415| 1.895| 2.365| 2.998| 3.499 7 Critical Values of t
8| 1.397] 1860 2.306| 2896 | 3.355 8

9| 1.383| 1.833| 2262| 2821 3.250 9 for

10| 1.372| 1.812| 2228| 2.764| 3.169 10 ' istributi
11| 1.363| 1.796| 2201| 2.718| 3.106 11 Student's ¢ distribution
12| 1.356| 1782 2.179] 2.681| 3.055 12

13| 1.350 | 1.771]| 2.160] 2.650 | 3.012 13

14| 1.345| 1761 2.145| 2.624 | 2.977 14

15| 1.341| 1753 2.131| 2.602| 2.947 15

16| 1.337| 1.746| 2.120| 2583 | 2.921 16

17| 1.333| 1740 2.110| 2.567 | 2.898 17

18| 1330 | 1734 2.101| 2.562| 2.878 18

19| 1.328| 1729 2.093| 2539 | 2.861 19

20| 1.325| 1725| 2086| 2.528| 2845 20

21| 1323| 1.721] 2.080| 2518| 2831 21

22| 1321 1717| 2074 | 2.508| 2819 22

23| 1.319| 1714| 2069 | 2.500 | 2.807 23

24| 1318 1711| 2064 | 2492 2797 24

25| 1.316] 1.708| 2.060| 2.485| 2787 25

26| 1.315] 1.706 | 2.056| 2479| 2.779 26

27| 1314] 1.703| 2.052| 2473| 2771 27

28| 1.313| 1.701| 2.048| 2467 | 2763 28

29| 1311] 1.699| 2.045| 2462| 2756 29
inf.| 1282 | 1.645| 1.960| 2.326| 2576 inf.

4 [t100 [to050 [to25 [t0f0_[t005 [dr.
1] 3.078| 6.314] 12.706 | 31.821 | 63.657 1
2] 1.886| 2920 4303| 6.965| 9.925 2
3] 1.638 | 2353| 3182 4.541| 5841 3
4| 1.533| 2132| 2776 3.747| 4.604 4
5] 1.476| 2015 2571 3.365| 4.032 5
6] 1.440| 1943 2447 3.143| 3.707 6
7| 1.415| 1.895| 2.365| 2.998| 3.499 7 Critical Values of t
8| 1.397 | 1860 2.306| 2.89 | 3.355 8
9| 1.383| 1.833| 2262| 2821 3.250 9 for
0| 1.372| 1812| 2228 2.764| 3.169 10 ) it
1| 1.363| 1.796| 2201 2.718| 3.106 1 Student's ¢ distribution
12| 1.356| 1782| 2.179| 2.681| 3.055 12
13| 1.350| 1.771] 2.160| 2.650| 3.012 13 x=1268
14| 1.345| 1.761| 2.145| 2.624| 2977 14
15| 1.341] 1.753| 2131 2.602| 2947 15 s=60
16| 1.337 | 1746 2.120| 2.583 | 2921 16 -
17| 1.333| 1740 2110 2.567 | 2898 17 _ .
18| 1.330 | 1.734| 2.101| 2652| 2878 18 P(¥<1263) ifu=130="7
19| 1.328| 1.729| 2.093| 2.539| 2861 19
20| 1325 1725| 2086| 2528| 2845| _ 20 =
21| 1323 1721] 2080] 2518] 2831 21| p(¥<1268)= p( YK M)
22| 1.321] 1.717| 2074| 2.508| 2.819 22 s/n = 6/425
23| 1319 1.714| 2069| 2500 2.80 23 1
24| 1318 1.711| 2064|C2492] 2797 D 24 -3.
25| 1316] 1.708] 2060 24851 77867 | 25 = P(t 1 ): Pt <-2.667)
26| 1.315] 1.706| 2056| 2479] 2.779| 26 -
27] 1314] 1703| 2.052| 2473| 2771 27| df =25-1=24.
28| 1.313| 1701 2048| 2467 | 2763 28
20| 1.311| 1699 2045| 2462| 2756 29
it 282] Geis| tseo] zaze] 2se] ] 0.01> P(t < _2667) > 0.005




Student's t-distribution of sample mean

Using the normal in place of t-distribution

®When n is large (>30) X will at a minimum be approximately
normally distributed.
® When n is large s will usually be a good approximation to sigma.
® In that case, the distribution of 7= (g,ﬂ)/&/\/;)
and that of z=(%-x)/(c/n)
will be approximately the same.
@ So, for large samples we can use the standard normal distribution
to approximate the t-distribution.
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Sampling Distribution of the Sample Proportion
p= X (the sample proportion)
n
A X 1 1
E =u, =FE|—|=—FE|x|=—enp=
[p]=u; L} CE[x]=—enp=p
5 x|_1 np(-p) _pd-p)
pl=oi =4 3] 1 =220 = 200
_ [p(=-p) N
=0,= / - L__ b-p _002667-0.02 . o
D 0.00930

L vaﬁn
ﬁ:7:—0:0.02667 n

n 30
o, = ,/M ~ /M =0.00930
n n

p=0.02

Standardized

/normal distribution

0.5-0.263 = 0.237

z=0.71720




