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® Estimators: Random variables used to estimate

population parameters.

® Estimates: Specific values of an estimator.

X is an estimator of u

s is an estimator of ¢

X =120 is a specific estimate of u

s® = 2371 s a specific estimate of ¢°

® Point Estimates: Specify a single value of a population

parameter.

® Interval Estimates:  Specify a range of value of estimates.

115<x <125 is an interval estimate of u

Desirable Properties of Estimators:

v Unbiasedness: An estimator is said to be unbiased if the
expected value of the estimator is equal to the parameter
being estimated, or

E[6]=o.
Proof:

E[x/n]:%E[x] :%(np): p.

v Efficiency: The most efficient estimator among a group of unbiased
estimators is the one with the smallest variance.

The property of efficiency of an estimator is defined by
comparing its variance to the variance of all other
unbiased estimators.

Three different estimators based on sample size n
f(@)l) is unbiased f((:)a) is biased
£(8,) is unbiased

f(@z\ J— 6,)

o (C]

V[@)l] >V[@2] >V[@3] But estimator 3 is biased, so

in this group, estimator 2 is
most efficient.

Desirable Properties of Estimators (concluded):

v Sufficiency: an estimator is sufficient if it uses all
the information about the population parameter that

the sample can provide.

v Consistency: An estimator is said to be consistent
if it yields estimates which approach the population
parameter being estimated as n becomes larger.

Property of Consistency: V[G] —>0asn— o
biasin® —»0asnh— o

Proof that the sample proportion x/n is a consistent estimator of p, the
population proportion:

v[x/n]:n—lzv[x]

A consistent estimator of ©collapses around ®as sample
size increases:

P(©6)

n =200

True Value of ®

Note: @ can be biased but still be consistent.




Sampling distribution of the sample mean
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Sampling distribution of the sample mean
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First, let's construct a confidence interval around Xusing our equation:

u=69
e} o .
_196—— < X — | = where, by assumption: =3.
Pr(/,z 196\/ﬁ<x<y+196\/ﬁ) 095 y p o 3362
n=

196——==69-196——=—=
“ f r

and,
+196 — _69+196 36
’Ll

Each tail,
Pr=0.025

So, assuming we know the
true population mean and

standard deviation, the 95%

‘ |
68 * 70
confidence interval for sample p=
means computed from samples

of size 36 is (68-70) inclusive.

That is, on average 95/100 samples will have Xin this interval.

Each tail,
Sample Means, 10 samples Pr=0.025
n=36

68.7931 69.3153 68.7153
69.2706 68.9306 68.8467

69.4822 69.185 68 %
69.4069 68.2681

100 Sample Means and Their 95% Confidence Intervals
Population Mean = 69 inches, Standard Deviation = 3.2 inches
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Confidence interval for the sample mean

Each tail,
Pr=al2

Finding a t-interval for a population mean when sigma is unknown:

Assumptions:
1. Normal population or large sample
2. sigma unknown

Stepl: For a confidence level of 1-« use a t-distribution table to
find t,,, with df = n-1, where n is the sample size.

Step 2: The confidence interval for (s from

s
Y‘I,mﬁ to XT+t,,, %

wheret,,is found in Step 1 and X and s are computed from the
sample data.

Step 3: Interpret the confidence interval.

The confidence interval is exact for normal populations and is approximately
correct for large samples from nonnormal populations.

Remember also, as sample size gets larger the t-distribution approaches the
normal distribution and we can use the normal distribution even if we don't know
sigma and have to estimate it.

Pickpocket Losses ($ per incident): FBI Data
Random Sample of 25 observations
loss - Are the data normally distributed? Are there outliers to worry about?

26 . .

207 Check normality using the gnorm procedure:

21‘7‘ . sumarize 1oss, detail gnorm loss
s

Inverse Normal
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We can be 95% confident that the mean value lost, 4 of all the year's pickpocket offenses
is somewhere between $405.07 and $621.57.

Inverse Normal

977.161

o052 = tooos = 2064 for n—1= 24 degrees of freedom

Confidence intervals for Sample Proportions:

4 4 _ The sample proportion is an unbiased
E[X ! n] “n E[X] “n (np) =P estimator of the population proportion

The variance of the sample proportion is:

X 1 1 pq
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Probability statement for a sample mean:
X -
o
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Probability Statement for a Sample Proportion
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Confidence Interval for a Sample Proportion:

Pr[— p-196 % <—p<—-p+19 %} ~095
Pr( p-196 % <p<p+196 %] =095 or, more generally

Pr[ﬁ_zalz\ %< p< ﬁ‘*’zalz\ %):l—a

So, al-« confidence interval for p is:
Remember, n must be sufficiently large
p tz,, m so that the sampling distribution of f)
n can be approximated by a normal distribution.

[

ptz,,
Example: proportion of families in a population that own two cars:
n=144

X =48

Assuming a 95% confidence interval:

(R % = 0.333+196(0.0393) = 0333+ 0077

or 0.333-0.077 < p<0.333+0.077 = 0.256 < p <0410

We can conclude with 95% confidence that the population proportion of families
who own two or more cars is between 25.6 and 41.0 percent.




Defective Batteries:

Buy 10,000 batteries
Sample 300 batteries
42 are defective

Can we be 99% sure that more than 10%
are defective in the purchase of 10,000?

Set up a 99% confidence interval around 42/300 = 0.14
assuming the sampling distribution is normal (central limit theorem)

B2, = 0.14+ 2575 {% =0.14+2.575,/000401 = 0.14+ 2.575x.02003 = 0.14+ 0.0516
n

o . . . )
0.0884 < p <0.192 The 99% confidence interval contains 0.10, so we can't

be 99% confident that more than 10% of the batteries
are defective.

b 1, ﬁ >0.10 So, adding an additional

n 0.0228 (right tail)we can
Thatvalueis Z,,, = 2.0 be 97.72% sure that at
least 10% of the batteries
are defective.

However, looking in a normal table, we can find a value for Z ,, such that :

which corresponds to a confidence interval of 0.9544.
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Finding optimal sample size for a population proportion:

Choose a maximum difference between estimate and true
value of population proportion:

p-pl=D
-~ Thisis the maximum value for the population standard deviation
n
g_P-P_ . _P-P and, solving for n:
Pa 1 1
2 _ 2 =
n f D" = Zoz/2 4an

-2,,N1/4n<p-p<z,,,~1/4n
D=z,,v1/4n

Zi,z The optimal sample

n= 4p? Sizeforasample
proportion.

This is conservative, since we've used the largest possible population standard deviation

Questions to ask before determining optimal n:
® What level of confidence do you want to have (i.e., the value of 100(1- &)?

e What is the maximum difference (D) you want to permit between the estimate of
the population parameter, @, and the true population parameter, © .

(i.e., the value of D is the amount of "error" you want to allow in estimating @
where |6-e|<D)?

;s 2

X_u a/2\/ﬁ
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Jn n=——T
D size.




