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Hypothesis Testing: Preliminaries

e A hypothesis is a statement that something is true.

e Null hypothesis: A hypothesis to be tested. We use the
symbol Ho to represent the null hypothesis

e Alternative hypothesis: A hypothesis to be considered as an
alternative to the null hypothesis. We use the symbol Ha to
represent the alternative hypothesis.

In this course, we will always assume that the null hypothsis
for a population parameter, @, always specifies a single
value for that parameter. So, an equal sign always appears:

Hy©=0,

If the primary concern is deciding whether a population parameter is different than
a specified value, the alternative hypothesis should be:

H,:0%0,

This form of alternative hypothesis is called a two-tailed test.

If the primary concern is whether a population parameter, ©, is less than a
specified value @, the alternative hypothesis should be:

H,:©<0,
A hypothesis test whose alternative hypothesis has this form is called a left-tailed
test.

If the primary concern is whether a population parameter, ©, is greater than a
specified value @, the alternative hypothesis should be:

H,:©0>0,

A hypothesis test whose alternative hypothesis has this form is called a right-tailed
test.

A hypothesis test is called a one-tailed test if it is either right- or left-tailed, i.e.,
if itis not a two-tailed test.
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o State the null and alternative hypotheses:
Hq: 1 =454
H,:u# 454

* Decide on the significance level, a:

a=005

e Compute the value of the test statistic, t:

_ X = fhy, _450-454_ -4 _
t= s 8480369 169607 —2.3584
Vn 25

e Determine the critical value(s). We're
looking for the t-values that will put
2.5% of the area in each tail:

+ 2 064 as before, when we calculated the
confidence interval




Hypothesis Test: Centered on Ho, mean = 454

t-distribution with standardized t-value on horizonal axis

Deg. of freedom
— 24

‘/ Critical Values: +2 064

Reject Ho Reject Ho

Do not reject Ho

Hy: 1= 454

Hypothesis Test: Centered on Ho, mean = 454

t-distribution with unstandardized sample mean values on horizonal axis

Deg. of freedom
— 24

Critical Values: 450.5 -- 457.5
Do not reject Ho: Reject Ho

Hy: =454 a=0025

448.9 T450.6 452.3 454 455.7 457.4 459.1

-35 B T S 25 35

Two approaches to hypothesis testing

Critical Value Approach P- Value Approach
Step 1: State the null and alternative ~ Step 1: State the null and alternative
hypotheses hypotheses
Step 2: Decide on the significance Step 2: Decide on the significance
level, ¢ . level, ¢ .
Step 3: Compute the value of the Step 3: Compute the value of the
test statistic test statistic

Step 4: Determine the critical value(s) Step 4: Determine the P-value

Step 5: If the value of the test statistic Step 5: If P < &, reject Ho; otherwise,

Definition: The P-value of a hypothesis test equals the smallest
significance level at which the null hypothesis can be rejected, that is, the
smallest level for which the observed sampled data results in rejection of
Ho.

Decision Criterion: If the P-value is less than or equal to the specified
significance level, reject the null hypothesis; otherwise, do not reject
the null hypothesis.

Hypothesis Test: Centered on Ho, mean = 454
t-distribution with standardized t-value on horizonal
axis

Deg. of freedom
— 24

1 Critical Values: +2 064

Reject Ho P-value = 0.0134 + 0.0134 =
0.0134 0. 0268

Reject Ho Do not reject Ho

0.0134 Howr=454

Significance level, @, = 0.05
(p=0.025 in each tail (blue)).

-3 A2 1 0 1 2 3
t=-23584 t

Since the p-value is less than the chosen
significance level, we can reject Ho.

falls in the rejection region, do not reject Ho.
reject Ho; otherwise, do not
reject Ho.
Step 6: Interpret the result of the Step 6: Interpret the result of the
hypothesis test. hypothesis test.
One-tailed tests Compute the t-value from the sample mean:
Significance levela =0.05 - Xty 450~ 454 pas8
Ho: =454 T s T 848037 “©
H,: > 454 vn 5

One-tailed hypothesis test: t-distribution Ve cannot reject the null hypothesis
that g =454
Deg. of freedom
24

What if X =4571?

fe= gy 4571 454

t=—35 " ="gaso37 ~1828
t,=-2358 -

Jn 5

In this case we can reject the null
hypothesis that 1/ = 454

Left-tailed test:

Significance levela =0.05 X =450
Ho: =454 t_?—/lHu —M__2358
ot "5 Taasos 2

Jn 5

Left-tailed hypothesis test: t-distribution In this case we can reject the null
hypothesis that 1/ = 454

the p-value is 0.0134

Deg. of freedom
— 24

If we drew another sample and
found a sample mean > 454,
what could we say about the
null hypothesis?

tos=-1711

Immediately, we can say that it
is not possible to reject the null
3 2 1 0 1 2 3 hypothesis.T

t-value




Type | and Type Il Errors and the Power of a Test

Type | error: rejection of a true null hypothesis
Type Il error: non rejection (acceptance) of a false null hypothesis

HO is:
True False
Decision Do not Reject Correct Type Il Error
HO Decision
Reject HO Type | error Correct
Decision

Pretzel Bags
Hypothesis Test: Centered on Ho, mean = 454

Assume that the true population mean actually = 454

Critical Values: 450.5 -- 457.5
Do not reject Ho: Reject Ho

Ho:p =454 @/2=0.025

The probability of making a Type | error is the probability of having a sample
mean in the shaded tails of the sampling distribution centered on Ho. This is
the significance level of the test, and is denoted by Q.

Key Fact:

For a fixed sample size, the smaller we specify the
significance level,athe larger will be the probability
of a Type Il error, g of not rejecting a false null
hypothesis.

Type Il error probabilities Reject Ho
for various true means,
sample size = 30

The critical value for rejection is: X = 25.6

Mean = 25.8

H,:u4=26.0
H,:1#4<26.0

Let: @ =0.05, o= 1.4mpg B =0.5000

This implies: Mean = 25.6

_X—fty_ X=26  __ s[u),
.= = X" | x=26-1.648 = |= 256
P = 1430 V30 23

Mean = 25.3
Depending upon the true value of

the mean, the probability of incorrectly
failing to reject the null hypothesis, i.e., 2
making a Type Il error may be:

The closer the true mean is to
the hypothesized null value, the
higher the probability of making
a Type Il error, for a given and
constant sample size.

To summarize: part of evaluating the effectiveness of a hypothesis test involves an analysis
of the chances of making an incorrect decision.
1. The probability of making a Type | error is specified by the significance level, ¢ .

2. The probability of making a Type Il error depends on the true value of the parameter in question.

Statisticians refer to the probability of not making a Type Il error (i.e., the probability
of rejecting a false null hypothesis) as the power of the test:
Power = 1-P( Type Il error= 343 .
The power of a hypothesis test is between 0 and 1 and measures the ability of the hypothesis
test to detect a false null hypothesis:

Power= 0= test is not very good at detecting a faldlehypothesis.
Power= 1= testis extremely good at detecting a faldiehypothesis

Power table for Humvee Mini mileage:

True meany | P(Typelierro)=p5| Power=+4 Power Curve for Sample Size n = 30
25.9 0.8747 0.1251 iF 7
2538 0.7794 0.2206 osf ]
25.7 0.6480 0.3520 g odf ]
256 0.5000 0.5000 & o E
255 0.3520 0.6480 odk ]
254 0.2206 0.7794 of ]
253 0.1251 08784 DT T R T VT S TR
252 0.0618 0.9382 e vean
25.1 0.0274 0.9726
25.0 0.0104 0.9896
249 0.0036 0.9964 H,:p=26.0
2438 0.0010 0.9990

H,:1<26.0

Let: @ =0.05, o= 1.4mg

This implies:

X~y _ X-26 __ s(
.= = - X=26-1.64
%= dn L4100

25.8 is the critical value at which
=258 we reject the null hypothesis that
mileage = 26.0 mpg.




True meany P(Typell erro)= 5| Power= + 4
reject Ho i do not reject Ho 25.9 0.7611 0.2389
25.8 0.5000 0.5000
25.7 0.2389 0.7611
A (Power =¥ 5= 0.5000) 256 0.0764 0.9236
True Mean = 25.8 255 0.0162 0.9838
25.4 0.0021 0.9979
25.3 0.0002 0.9998
25.2 0.0000 1.0000
25.1 0.0000 10000
758 558260 25.0 0.0000 1.0000 Power Curves for n = 30 and n = 100
Al 24.9 0.0000 10000
1 = " 3

24.8 0.0000 1.0000 - ~ n=100
N »
0.8 - \ B

The Moral of the Story: gL PN\ \ ]
True Mean = 25. For a fixed . \\
B (Power = &5 = 0.9236) significance level, 04r RN

increasing the sample (,I- ]
size increases the o :

25.6 25.826.0 power. 24.8 25 252 254 256 258
True Mean
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ttest weight=454 .
Male Population Female Population
Tom
Dick
‘ ¢ Harry
One-sample t test
Variable |  Ob: M Std. Err. Std.
el om Men eI Males: (3) =3 samples Females{%)=4 samples
weight| 25 450 1.696074 8.480 369 446.4995 453.5005
Degrees of readom: 24 3x 4 =12 possible pairs of samples
Ho: ht) = 454 . . .
o: megh(iveigny If each of the 12 has an equal likelihood of being selected
Ha: mean < 454 Ha: mean ~= 454 Ha: mean > 454 i i i i
Pl Rt pultiapli (i.e., 1/12 in this case) then the samples are independent.
P<t= 0.0134 P>|t|= 0.0268 P>t= 0.9866




Process for comparing 2 population means,

using independent samples

Population 1: Faculty in public institutions
Population 2: Faculty in private institutions

4, = mean salary of faculty in public institutions;
4, = mean salary of faculty in private institutions.

Population 1 Population 2
(Faculty in public (Faculty in private Hy: 4, = i, (mean salaries are the same)
institutions) institutions) o 2

H,: 1, # 11, (mean salaries are different)

Sample 1: Salaries of faculty members in public institutions (n=30)

34.2 63.6 24.4 79.4 33.8 88.2 90.0 56.8 56.0 42.2 40.2 44.6 100.4 41.4 58.2 81.8
51.264.4 24.6 35.0 76.8 29.2 41.2 74.0 107.4 54.2 84.2 15.8 60.2 71.0

Sample 2: Salaries of faculty members in private institutions (n=35)
Compute
sam%le i%"n‘qpll';e 92.9102.2 515 77.6 71.1 59.3 71.0 52.0 62.9 46.4 61.6 73.5 97.5 97.3 63.1 53.8
e meanp#z 45.278.367.6 27.2 92.6 118.5 101.0 76.0 6.3 52.4 81.2 56.0 37.7 68.6 56.1
31.147.224.862.3 Can the difference, -8.914

($8,914) between these two

\/ % = 2x _17244_ . s means be reasonably at-
< Means of Samples 1 & 2: n 30 tributed to sampling error, or
Compare ths 2 Si:(lmp|€ P © o _ _2x_23238_ is it large enough to conclude
meanc?eac?siomna €a %= n, 35 6639 that the two populations have
different means?

sort type P PR :
Descriptive Statistics: Faculty Salaries

" X A " The Sampling Distribution of the Difference Between Two Sample Means
Public and Private Universities

for Independent Samples:

by type: summarize salary, detail

> type = Public

salary

Percentiles ~ Smallest
% 158 158

Suppose that x is a normally distributed variable on each of two populations.
Then, for independent samples of sizes n, and n, from the two populations,

5% 244 24.4 . o=y -
10% 269 246  Obs 30 /'1?1 X2 H /'12‘
25% 402 292 Sumof Wat 30
—_ 2 2
50% 564 Mean 57.48 * Oxx, = (Jl /n1) + (Jz /nz)v and
Largest  Std. Dev. 23.9528 12
75% 768 882

90%
95%
99%

89.1 90  Variance
100.4 1004  Skewness
107.4 1074 Kurtosis

573.7368
2602229
2.183742

> type = Private

salary

Percentiles ~ Smallest

* X, — X, is normally distributed.

_ (il - XZ) _(:”1_ :”2)
(07/n) +(0%/n,)

1% 248 248 . N .

5% 272 272 Assuming equal population variances, we get:
10% 317 311 Obs 35

25% 52 377 Sum of Wgt. 35

50% 631 Mean 66.39429 (X1 - Xz) - (/11 - :uz) _ (X1 - Xz) - (ﬂl - :uz)

75%
90%
95%
99%

Largest  Std. Dev.

783 97.5

97.5 101 Variance
1022 1022 Skewness
1185 1185  Kurtosis

2226112

4955576
2560263
2.665608

Jez/m)+(az/n)  of[yn)+(un,)

The Pooled Sample Variance:

s

n+n,-2

_(n -9 +(n, -9

The Pooled Sample Standard Deviation:

nl+n2—2

- (%= %) = (11~ 1)

(n-1)s: +(n, -1

_ (K - Xz) _(/11‘/12)

the pooled sample standard deviation

o(yn)+(vn,)

snl(1n)+(1n,)

The pooled t-statistic

Distribution of the Pooled t-statistic

Suppose that x is a normally distributed variable on each of two populations
and that the population standard deviations are equal. Then, for independent
samples of sizes n1 and n2 from the two populations, the variable

t= (Xl_XZ)_(/’l_/’Z)
sy(¥n)+ (1)

has the t-distribution with df =n, +n,-2.

Ho: 14, = i, (mean salaries are the same)
H,: 14 # 1, (mean salaries are different)

(%) (p-p) (57.48- 6639 (- = B
salyn)+(wn) — 2308/(x39+(L3p
[(n,-2)g +(n, -0 :\/(30—1)E123952+( 35 (2296 _ .00

h =
WNeTeS, = T, -2 30+ 35 2

=-1554




Hypothesis Test: Centered on Ho, difference between means =0

t-distribution with standardized t-value on horizonal axis

Deg. of freedom
— 63

‘j Critical Values:+ 1 998

Reject Ho Do not reject Ho: Reject Ho

ottty s,

null hypothesis of

2 T 0 2 We cannot reject the
no difference at the

p-value = 0.1252

Hypothesis Test: Centered on Ho, difference between means =0
Ha: 4 <t

t-distribution with standardized t-value on horizonal axis

Deg. of freedom
— 63

For a =005:

Critical Value: -1.669

Do not reject Ho

Reject Ho

oty s,

0 We still cannot reject the
null hypothesis of
t =-15540 t no difference at the

5% level. We could
reject it at the p-value
=6.26%.

p-value = 0.0626

t=-15540 ! 5% level. We could
reject it at the p-value
=12.52%.
. ttest salary, by(type)
Two-sample t test with equal variances
Group| Obs Mean Std. Err. Std. Dev. [95% Conf. Interval]
Public| 30 57.48 4.373164 239 528 48.53588 66.42412
Private| 35 66.39429 3762817 22.26 112 5874732 74.04125

combined | 65 62.28 2.891091 23.30

diff | -8.914285 736302

Degrees of freedom: 63

Ho: mean(Public) - mean(Private) = diff=0
Ha: diff < 0 Ha: diff ~= 0 Ha: diff > 0
t= -1.5540 t= -1.5540 t= -1.5540
P<t= 0.0626 P>|t|= 0.1252 P>t= 09374
save "D:\amifiles\Econ70\lectures_new\Fac_Salary. dta"
file D:\amifiles\Econ70\lectures_new\Fac_Salary.dta saved

Prove:X, —X, is an unbiased estimatonpf 1,

E[)’(l —Xz] = E[Xl] - E[Xz] (algebra of expectations)

n i1
and ~ _
XX 1 ra
E[X]=E|Z—|== E[szilzfxnsz[xz =u,
n, n, i=1

0 E[R-%,] = E[%]-E[%] = -1t

And, assuming the populations have equal variances, our pooled
estimator of the population variance is (as before):

o o [0 +(0,-0)s _ [(30-§0239F (35 1) 2296, 000
b7y n+n,-2 \ 30+ 35- 2

And the standard error of the difference between the means is:

S5, =S, %+ni=23.30872 0.0338 0.02857 23.308f72 0.06390 23.38872 0.2489D937
2

So, we can write the 95% confidence interval (with df= n,+n,-2) as:

%, -%,%t,xs,_, =-8.91428% 1.96 5.79937
2

or, (-20.3, 2§

Which is just what Stata gave us:

XX,

Two-sample t test \yith equal variances

p

. [95% Conf. Interval]

Group| Obs ean Std. Err. Std.

48.53588 66.42412
58.74732 74.04125

Public 30 57.48\ 4.373164 23.9
Private| 35 66.39428 3.762817 22.26

combined| 65 62.28\2 891091 23.30
......... P

diff  -8.914285

Degrees of freedom: 63

Ho: mean(Public) - mean(Private), diff =0
Ha: diff > 0

t= -1.5540

P>t= 0.9374

Ha: diff < 0 Ha: diff ~= 0
t= -1.5540 t= -1.5540
P<t= 00626 P>|t= 0125

. save "D:\amifiles\Econ70\lectures_ngw\Fac_Salary. dta”
file D:\amifiles\Econ70\lectures_new)Fac_Salary.dta saved

S%‘Yz Confidence Interval




(K—Xz)—( - ﬂz) ttest salary,by(type) une

JZ/n + JZ/n Two-sample t test with unequal variances
1 1 2 2
( Group| Obs Mean Std. Err. Std. Dev. [95% Conf. Interval]
sox)-(w-u) | omow wemsesres o b
'[:M Public| 30 5748 4373164 239 528 4853588 66.42412
Private | 35 66.39429 3762817 22.26 112 58.74732 74.04125
(/n) +(st/n.)
combined | 65 62.28 2.891091 23.30 872 56.50438 68.05562

Calculation of degrees of freedom:
diff | -8.914285 5.769172 -20.45493 2.626359

2l L
(§ /) nl) + (§ / nz) ) Satterthwaite's degrees of freedom: 59.8534

A= > - rounded down to the nearest integer.

(Sf/nl) (i/nz) Ho: mean(Public) - mean(Private) = diff =0

R e )

Fll-l nz_l Ha: diff < 0 Ha: diff ~= 0 Ha: diff > 0
t= -1.5452 t= -1.5452 t= -1.5452
P<t= 0.0638 P>|t|= 0.1276 P>t= 0.9362

Definition: With a random paired sample, each possible paired sample is equally g
likely to be the one selected. - test hwdiff=0
summarize. hwdif detai One-sample t test
;'Vueseial;i;f)j::w\g/rllf(els Report of Husband's Variable| Obs Mean Std. Err. Std. Be{/[ggl’;r:-(;z;l;;lntervaﬂ
0% 21 s obs 12 hwdiff | 12 1.175 1.086008 3.762 041 -1. ;i;‘z’é;‘“;SGSZB?
Couple diffference | Husband's | Wife's 2% 13 -8 Sumof Wgt 2 e e
Number Report Report | .., 4 Mean 1175 Degrees of freedom: 11
T 58 Tos| 140 Largest . Dev, 3762001
2 100 192 93| o 55 31 verame 1415295 Ho: mean(hwaiff) = 0
3 31 183 152 95% 10 5.8 S::;«;zss 1.068076 ) )
4 07 ol 12| " e A obto. Hikipss o t= 10819
5 0.3 16.3 16.0 P<t= 0.8488 P>t= 0 P>t= 0.1512
6 -0.2 16.0 16.2 . —_ — —_
7 23 14.8 125 Ho . :ud =0 where :ud - lul luz
8 -0.8 14.6 15.4 O 0
9 06 o] 134 H_ Z0or >
10 21 12.7 14.8 a ’ud ’ud . . .
i 18 16| 134 Two-tail test Right-tail test
12 -3.8 115 15.3
t d ‘(ﬂl ‘ﬂz) . Can you write the expression for the 95% confidence interval?
s, /\/n O (xe-x)
whered ==L and
n
b-p Assume bothnp,and n(1- p,) are 5 or greater N=1250 po=0.50 np, =1250 0.50= 625 E(;Tz;ecirﬁitse; :I;:n
z=—+~ F Step 1: The null hypothesis is H;: p = p, and the n(1- =1256( = 0.50= 625 o
p(l— p) alternative hypothesis is: ( PD) ( ’ q) normal approximation.
n . . .
H.ip#p, H.ip<p H.ip>p H,:p=0.50 (itis not true that a majority favor a ban)
(Two-tailed) °" (Left-tailed) ©" (Right-tailed) H,:p>0.50 (amajority favor the ban)
: i ignifi a R
Step 2: Decide on the significance level - Let the significance level, & = 0.05
Step 3: Compute the value of the test-statistic
H— R p- 0.520- 0.50
2= P~ P The value of the test statistic is: z=——>—Fe_ = =1.
i [p,(1-p,) [050( 0.59
n Voo V1280
Step 5: If the value of Step 4: The critical value(s) are
the test statistic falls in the 1z, -z, +z,
rejection region, reject the (Two-tailed) °" (Left-tailed) ©" (Right-tailed)
null hypothesis; otherwise, W 4 1
do not reject. *
4 2 =141 +7,=1.645
A - It appears that we cannot reject the null hypothesis in favor of
LI ’ X the alternative.




Population 1: All U.S. men
Population 2: All U.S. women

p, andp, are the population proportions for the twpylations

H,: p, = p, (percentage for men is not less than that for emm
H,: p, < p, (percentage for men is less than that for women)

e Compute the proportion of the men sampled who sometimes order veg, B
and the proportion of women sampled who sometimes order veg, p,

e If pis too much smaller than p,reject null hypothesis; otherwise, do not
reject it.

o X 276 _
=1=——=0.369( 36.99

R n 747 ( /)
_% _195
=2=""=0.449( 44.99

Key Fact:
For independent samples of sizes n, and n,from two populations,

® Hoep, =P P
00, ;= M+M
L n,
o P~ D, is approximately normally distributed for large nda, .

In particular, for large samples, the possible differences between the two sample
proportions have approximately a normal distribution with mean

7= (B=P,)-(P=P2)

P(1-p) +7p2(1— D) p,— P, =0 andwe can write:
n n,

and, if the null hypothesis is true, then

z= PPy = PP, where p is the (unknown)
p(1-p) + p(1-p) p(1-p)- 1,1 common value of the two
n n, n n, population proportions.

Our best estimate of p is obtained by pooling the sample proportions to produce
a pooled sample proportion:

_XtX
P
n+n,
Our z-statistic for a two-sample z-test is D —D
therefore: zZ= [
A
pp( p) noon
n n

are all 5 or greater.

P~ p, and
standard deviation
[p(1-p), p.(1-p.)
n n,
Assume: Step 1: The null hypothesis is H, : p, = p,and the
1 Indeplendent Samples alternative hypothesis is:

2%, M =X, X, &N,-X,  HaiPEP, Hoip<p Haip>p,

(Two-tailed) *" (Left-tailed) " (Right-tailed)

Step 2: Decide on the significance level

Step 3: Compute the value of the test-statistic
.o B - b,

——— 11
Pp(lfpp)',g*a

where, f, = X%

nl + n?
Step 4: The critical value(s) are
*Z ~Z, *z,

(Two-tailed) %" (Left-tailed) " (Right-tailed)

Population 1: All U.S. men
Population 2: All U.S. women

p, andp, are the population proportions for the twpylations

H,: p, = p, (percentage for men is not less than that for emm
H,: p, < p, (percentage for men is less than that for women)

% _276

A = 0,
b= =747~ 0-36%(36.9% 5 LNt 276+195 471 o .00
P T +n, 747+434 1181
p=2= 195-0449(4490/), N
n, 434
B, - p2 0.369- 0.449

\/T Joagsg) 1+ 0.39% (/747 1/434

Reject the null
hypothesis that
the percentage
for men is not
less than that

;4 A ° for women.
z=-2.71

7,05 = ~1.645

~2,0s=~1.645

E[ r’jl _ ﬁz] = E[ ﬁl] _ E[ ﬁz] (The Expectation of a difference equals

the difference of expectations)

eln=g 2 |- Lelx]=2nxp=o.

n 1
A 1 1
E[pz] = E|:ni2:|:F2E[X2] :rTznzx P2= P,

(The expectation of the difference between sample

A~ ~ _ proportions is equal to the difference between population
D E[ pl - pZ] - pl_ pZ proportion

... i.e., The difference between sample proportions
is an unbiased estimator of the difference between population
proportions)

BB, P B,) _ 1185000
n n,

B-pxz, |PETP), PA7Pa) _( 2g7578 751820
2 nl n2




prtest cylforeign, by( foreign)

Two-sample test of proportion

Variable| Mean Std.Er. z P>z
PSS

P

diff | 5195

0] 6774194 083959 8.06846 0.0000
1| 1578947 0836547 1.88746 0.0591
-+ -

portion(0) - proportion(1) =

Ha: diff < 0 Ha: diff = 0
= 3.569
<z=09b98 P>z = 0.000

A=A, PO-P)
n n

0:Numberofobs = 31
1

Numberofobs= 19

[95% Cont. Interval]

5128628 8419759
-.0060654 3218549

diff =0

P>

Ha: diff > 0
7= 3569
0.0002

95% Confidence Interval

The random variable u is the sum of k squared standard
normal random variables. Itis called the chi-square
distribution with k degrees of freedom (one df for each
of the terms in the sum).

Density function for the chi-square distribution:

(21w 50

k)= iz

The randomzvariable u is usually designated by the Greek letter Chi,
squared: X’

R AN
Xoo =2 2

o
i k)

Q
Il

density

Chi-Square Distribution
X' (= df =5)

K (= o =10)

X' (2 df 19)

e

0 10 20 30 40

50

. . 2
Basic properties of X-curves:
Psoperty 1: The total area under a
curve equals 1.

2
Property 2: AX -curve starts at zero on the
horizontal axis and extends indefinitely to
the right, approaching, but never touching,
the horizontal axis as it does so.

2
Property 3: AX=curve is right skewed.
Property 4: As the number f degrees of

freedom becomes largerA -curves
look increasingly like normal curves.

Critical values ofy?

of the terms in the sum).

Density function for the chi-square distribution:

f(

1) = 1 (k/2)-14~(112u
LK) =7 , 0
uk) [(k/z)—l]!zwu € v

normal random variables. It is called the chi-square

2 The random variable u is the sum of k squared standard
] distribution with k degrees of freedom (one df for each

Handout on the Chi-square
Distribution

The random variable u is usually designated by the Greek letter Chi,

squared: X
K (- Y M =
XH La)
X -—

2
Basic properties of X-curves:

perty 1: The total area under a
X'curve equals 1.

density

Property 2: A X- iuwe Starts at zero on the
horizontal axis and extends indefinitely to
the right, approaching, but never touching,
the horizontal axis as it does so.

2
Property 3: A X-curve is right skewed.
Property 4: As the number of degrees of

freedom becomes larger X -curves
ook increasingly like normal curves,

Chi-Square Distribution
2 (= df =5)

X' (= f =10)

df 001 o5 df
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The F-distribution:

_U/m  The F-distribution is formed as the ratio of two chi-square variates
- V/in divided by their respective degrees of freedom

Density function for the F-distribution

rl:(m+n)/2:' m m/2 m (m+n)/2
fY) = = | (1Y y
r(m/2)r(n/2){n n
The F-distribution:
* Depends upon two parameters, m and n which are, respectively the number of degrees of
freedom of the chi-square variates in the numerator and denominator.
« Total area under the F-curve =1.
® |s skewed to the right.
© Has a range from zero to infinity.
* Changes shape as the numbers of the degrees of freedom change.
e As m and n become large the F-distribution has the normal distribution as its limit.
© The mean and variance of the distribution are:
2n*(m+n-2
N:L, n>2 0’2=¥, n>4
n-2 m(n-2)°(n-4)
The variance does not exist for n less than or equal to 4 and the mean does
not exist for n less than or equal to 2.

(m-2)/2

F (variance ratio) Distribution
df = (6,5)

df = (9,50)

density

df £ (10,2)

0 1 2 3 4 5

F-statistic
df = (numerator df, denominator df)

a
Percentage Points of the F-Distribution F
a
Vi
vz T_ 7 5 5 5 7
700 5520
7 0.050 6140
I 025 || 6ar80
I 010 | a052.¢
T 005/] 1621100 21615.00 | 22500, 2343700 | 2371500
| ) Go ] 016 S 933 535
1 050 1651 10, 19,16 10, 19,30 1933 1935

025 3651 3 3917 39 3930 3933 3936
010 %650 9900 | 0917 9925 | 0930 5933 9936
005 | _To850 | 19900 | 19020 | 19920 | 10030 | 10930 | 109.40

3 100 5 539 531 526 527
050 i 5 528 501 5

0025 T Toor Tsaa T T8 Ta73 Taez Tasa

010 E 298 2 2824 2791 2764 2749

005 E a 4747 a 4539 4484 4443 4413

) 100 419 405 401 398 395

1 050 659 626 616 500 604
1 025 1222 T 9,98 936 9.20 907 898
1 010 21.20 [T 16,69 1 1552 1521 1498 1480
\ 005 313 2 2426 2 2226 2107 2162 2135

Key Fact: For an F-curve with df =(v,,v,) , the F- value having
areaa to its left equals the reciprocal of the F-value
having areaato its right for an F-curve with df =(v,,v,).

The F-distribution:

_U/m  The F-distribution is formed as the ratio of two chi-square variates
- Y divided by their respective degrees of freedom

Density function for the F-distribution
m/2 (mn)/2
fy)= F[(m+n)/2] m 1+my gz
r(m/2)r(ni2){n n
The F-distribution:
© Depends upon two parameters, m and n which are, respectively the number of degrees of
freedom of the chi-square variates in the numerator and denominator.
® Total area under the F-curve =1.
® |s skewed to the right.
® Has a range from zero to infinity.
® Changes shape as the numbers of the degrees of freedom change.
* As m and n become large the F-distribution has the normal distribution as its limit.
© The mean and variance of the distribution are:
n

20’ (m+n-2)
=——7, n>2 o=
n-2 m(n-2)°(n-4)

The variance does not exist for n less than or equal to 4 and the mean does
not exist for n less than or equal to 2.

n>4

F (variance ratio) Distribution
df = (6,5)

Handout on
the F-distribution

di = (9.50)

density

F-statistic a
df = (numerator df, denominator df) Percentage Points of the F-Distribution F

— T = —

r

T

1 oo
T Zi20
T o5

FEIcoN ST
ETEEH NN T

Key Fact: For an F-curve with df =(v,,v,) , the F- value having
area g to its left equals the reciprocal of the F-value
having area ato its right for an F-curve with df =(v,,v,)




Bolt Diameter in millimeters

10.05 10.00 10.02 9.97 (=0.0469)
10.07 10.03 9.98 10.10
9.95 9.99 10.00 10.08
. summarize bolt, detail
bolt (=0.00220)

Percentiles  Smallest
1% 9.95 9.95

H,:0=0.09mm
H,:0<0.09mm

sdtest bolt = 0.09

sdtest bolt=0.09

One-sample test of variance

Variable| Obs ~ Mean Std. Em. Std.

bolt| 12 1002 .0135401 .0469

3 /
N

4

X&yy =4.575 (critical value)

X2, =2.988

Dev. [95% Cont. Interval]

042 9.990198

10.0498

Ho: sd(bol) = 0.09
chi2(11) = 2.988 ©

Ha; Ha: sd(bolt) 1= 0.09
R.< chi2 = 0.0091 AP < chi2) = 0.0182

Ha: sd(bolt) > 0.09
P> chi2 = 0.9909

. summarize

Variable| Obs  Mean Std. Dev,

branda| 10 22736 128.3218

brandb | 10 24128 199.6691 2112 2752
2
_ s _128.3 _
F=2=222 20413
£ 199.7
7 =
0.010 1056 8.02 6.99 6.06 561 547 536

403

5% 995 9.97
10% 9.97 9.98 Obs 12
25% 9.985 9.99 Sum of Wgt. 12
50% 10.01 Mean 10.02
Largest  Std. Dev. 1469042
75% 10.06 10.05
90% 10.08 10.07 Variance 0022
95% 101 10.08 Skewness, 2815726
99% 101 101 Kurtosis 1.945364
X = n-1.
(-1 7" 2
g, J——
n-1 1 ) )
Xon === :WBIOODOZZ: 2,988  Remember: The Chi-square variate here has
% | n-1 df because s’requires 1 df to compute
the sample mean.
Elmendorf Tear
Strength of Vinyl H0 10, =0y
Floor Coverings
branda brandb Ha : JA * UE
2288 2592
2368 2512
2528| 2576 &
144 176 %
160 304
384 384 S
304 432
2240 2112
[ 22081  2288] Key Fact: Distribution of the F-Statistic for Comparing
2112 2752 Two Population Standard Deviations: Suppose that the variable
under consideration is normally distributed in each of two
populations. Then, for independent samples of sizes n, and n, from
the two populations, the variable
27 42
F= s,/ O
2
slog
has the F-distribution with df = (n1 -1, n2 -1).
21 42 27 2 2
_Sal0s _S\lO, _Sa
2| 42 27 2 2
$/0y S/oy s
Brand A Brand B

g

]

i<

g

&

g

B ekt P =0 00 N 2500

. sdtest branda = brandb
Variance ratio test
Variable| Obs ~ Mean Std.Er. Std. Dev. [95% Conf. Interval]
branda| 10 22736 40.57892 128.3 218 2181.804 2365.396
brandb| 10 24128 631409 199.6 691 2269.965 2555.635

combined| 20 23432 30.86461 178

28 2250762 2426.638
Ho: sd(branda) = sd(brandb)
obs

3 04T

_obs
1/F_obs = 2421

F(9,9) observed = F_c
F(9,9) lower tail =F_L =
F(9,9) upper tail = F_U =

Ha:sd(1) <sd(2)  Ha: sd(1)4=5d(2)
P<F_obs=01019 P<F_L&P>F_U=02039

Ha: sd(1) > sd(2)
P> F_obs = 0.8981

0.25
070413
Types of Hypothesis Tests: What Kind of Test?
T T T T T 1

. Population Difference Population Difference Population Difference

‘Sample Size Mean between 2 Proportion between 2 Variance/ between 2

o e o< )re POPUaton BB Population Std. Dev Population
Wpopis. Use ztestif =l Means (1= Proportions Variances
tomala popaion's = 1

Hpop's non

omervise,
use viest proaches nomal

Paired Samples

p=9-(-p
N

s,/

ot S E g8

Independent Samples
(Use Ftest above

1o decide f variances
are equal or unequal)

Equal Unequal

Variances Variances
NI ) G ()
TERD2 AT s
5= [0S o5 G )
o2 e

Prof. B. A. Turchi




